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[English] (1) Show the demand for z; of a consumer, who consumes the N > 2 kinds of
goods and has an utility function Zf\; 1 @;log x;. The income and the price of each good are
given by I and p;, respectively.

(2) Under the utility function used in (1) above, when the government implements a policy in
which the price of i = 1 good rises from p(l) to p%, show the amount of income compensation
that the government pays to the consumer to guarantee the original utility after the change.
The prices of other goods are assumed unchanged.

(3) Show that the Leontief utility function u(x,y) = min{z,y} and the Cobb-Douglas utility
function u(x,y) = xby'~? can be reproduced as special cases of the CES utility function
u(z,y) = (az? + (1 — a)y?)/*, p < 1.

(4) When the government imposes a consumption tax of ¢ per unit of quantity on consumers

in a competitive market, how do producer price and consumer price change? Also, which

change is more significant? Discuss by using diagrams.
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[English]

6,000 people commute by car to a central business district everyday. There is a bridge just
before the business district that can accommodate a maximum of 100 vehicles per minute,
and a queue forms in front of the bridge if the number of arriving vehicles exceeds the
capacity. The time cost of waiting in the queue is assumed to be 100 yen/minute. It is also
assumed that crossing the bridge at 9:00 is the most preferable for all the commuters, and the
additional time costs of crossing the bridge before and after 9:00 are 50 yen/minute and 100
yen/minute, respectively. All commuters choose the arrival time at the bridge to minimize
their own time cost with knowing the others’ choices.

(1) Suppose that the first and the last vehicles cross the bridge at 8:30 and 9:30, respectively.
Show the reason why it is not an equilibrium. (2) Find the time when the first vehicle crosses
the bridge in equilibrium. (3) Find the number of people waiting in the queue at 8:30 and
9:10 in equilibrium, respectively.Note that the number of people is a continuous variable. (4)
Suppose that the government charges people different bridge tolls depending on the time of
crossing the bridge to minimize the total time cost of all commuters. Find the toll paid by

people crossing the bridge at 8:50.
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[English]
1

Consider a matrix A =
-2 6

) . (1) Find all eigenvalues and corresponding eigenvectors

of A. (2) Let u = (
1

of x,

) , and u” be the transpose of u, respectively. Consider a function

1

T 1
f(z) = W/o cos [m(uTAu) t—xsint| dt.

Find the second-order Taylor polynomial of f(z) in = 0 using the angle addition theorem.

(3) Let the first and second column vectors of A be a; and as. Let v1 = a1, v2 = a2 —

T
V] - a 1
M v, and g; = ﬁvj, where 7 = 1,2. Calculate the inner product (qJT “qr),
1 Y vioow;
7 J

where k = 1,2. (4) Let @ = (q1 g2) be a 2 x 2 matrix with g; and g2 its column vectors.
Find matrix R, which satisfies the equality A = QR.
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[English]

Consider a random variable Y, whose probability density function is given by

(1) Find the probability density function of X = e¥. (2) Show that the n-th moment of

fY) =

1
X is given by E[X"] = E[e"Y] = exp | nu + 2n202>. (3) Find the maximum likelihood

estimators of y and o based on the observations {x1,--- ,z;} of X. (4) Let the population of

the city i and its growth rate at period ¢ be S;(t) and r;(t) , respectively. Assume

St —1)
that 7;(t) does not depend on the population and follows the independent and identical
probability distribution in all periods and cities. (i) Express S;(¢) in terms of S;(0) and
{ri(s)} (s = 1,2,---,t — 1). (ii) Discuss the distribution of the city population after a

sufficient amount of time.
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